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Ex 1. Collaborative Filtering

One can predict * by fitting the data 
with small degrees of freedom.

User 1
User 2
User 3

User L

M
ovie 1

M
ovie 2

M
ovie 3

M
ovie M

…

…

Predict user preferences,
which are not observed.
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Low-rank Approximation

Approximate                    with a low-rank matrix 

which can be naturally expressed as the product of two matrices: 

Here,

Assuming Gaussian noise, the likelihood is given as

※Missing entries should be ignored.
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Ex. 2: Probabilisitic PCA

: observed variable
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Ex. 2: Probabilisitic PCA

 : hidden variables

  : projection matrix

: observed variable
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Ex. 2: Probabilisitic PCA

 : hidden variables

For M samples,

Since X is also unknown, we 
should estimate both B and X.

gives ...

  : projection matrix

: observed variable
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Bayesian Matrix Factorization

Observation:
Likelihood:
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Bayesian Matrix Factorization

Observation:
Likelihood:

No conjugate prior because of the quartic term:

But this is conditionally conjugate: Independence makes 
Bayesian learning tractable!
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Bayesian Matrix Factorization

Observation:

Parameters:

Hyperparameters:

Likelihood:

Prior: 
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Free energy minimization

Trial distribution:

Free energy:

Minimize free energy under some constraints!

KL divergence to Bayes posterior marginal likelihood 
(not depend on r)

Minimizing free energy should give Bayes posterior,
but intractable.
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Free energy minimization

Trial distribution:

Free energy:

Minimize free energy under some constraints!

KL divergence to Bayes posterior marginal likelihood 
(not depend on r)

Minimizing free energy should give Bayes posterior,
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Variational method

Free energy
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Variational method

This must hold for any A!

Similarly, considering           gives 



Berlin Big Data Center
Technische Universität Berlin

January 14, 2016

Variational method

Local minimizer of  

satisfies



Variational method
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Local minimizer of  

satisfies

Focusing on dependence on A, we have

is Gaussian!



Since we now know             and             are Gaussian, the moments are given as

Variational method
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Similarly we have



VB posterior
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Iterative algorithm

Starting from initial values for                        ,
they are updated by equations above. 
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Hyperparameter Estimation

can also be estimated by minimizing free energy

minimize KL divergence to Bayes posterior, and make marginal likelihood larger.

Likelihood:

Prior:
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Hyperparameter Estimation

F can be explicitly written as a function of                                              .

Differentiating F, we have update rules for hyperparameters:

(will be a homework) 
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Mixture of 
Gaussians



Mixture of Gaussians
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likelihood:

Observed var.:

parameters:

Latent var.:

The k-th element

Prior:



The k-th element

Mixture of Gaussians (known covariance)
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likelihood:

Prior:

Observed var.:

parameters:

Latent var.:



Mixture of Gaussians (known covariance)

Berlin Big Data Center
Technische Universität Berlin

January 14, 2016

Independence constraint:

where

The k-th element

likelihood:

Prior:

Observed var.:

parameters:

Latent var.:
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p({µk}Kk=1|σ2
0) =

K∏

k=1

NormM (µk|0,σ2
0IM ) (6.65)

ʹมϕΠζֶशΛద༻͠·͢ɽ͜͜Ͱ؆୯ͷͨΊɼࠞ߹Ψεͷڞ
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N ͷݸ i.i.d.αϯϓϧ D = {x(1), . . . ,x(N)}ͱɼͦΕͧΕʹରԠ͢Δ N

มHࡏͷજݸ = {z(1), . . . , z(N)} ʹର͢ΔϞσϧʢશʣ

p(D, {z(n)}Nn=1|{µk}Kk=1) =
N∏

n=1

K∏

k=1

{
αkNormM (x(n);µk, IM )

}z(n)
k

(6.66)

Ͱ༩͑ΒΕ·͢ɽ

6.9.1 มϕΠζֶशΞϧΰϦζϜͷಋग़

ࠞ߹ϞσϧͰɼϞσϧΛऔΓѻ͍͘͢͢ΔͨΊʹજࡏม

 H = {z(n)}Nn=1 Λಋೖ͠·ͨ͠ɽैͬͯɼະύϥϝʔλ ω =

(α, {µk}Kk=1) ʹՃ͑ͯજࡏมͷۙޙࣄࣅٻΊΔඞཁ͕͋Γ·͢ɽ

͢ͳΘͪɼr(H,ω)Λ͢ࢉܭΔ͜ͱ͕มϕΠζֶशͷతͰ͢ɽ

ࠞ߹ΨεϞσϧͰɼະมΛજࡏมͱύϥϝʔλͱʹׂ͢

Δ͜ͱʹΑ͖ͬͯ݅ڞੑ͕ར༻Ͱ͖Δ͜ͱΛɼ6.2અʹ͓͍ͯ֬ೝ͠

·ͨ͠ɽैͬͯɼࠞ߹ΨεϞσϧͷมϕΠζֶशͰɼҎԼͷ࠷খ

ԽΛղ͖·͢ɽ

r̂ = argmin
r

F (r) s.t. r(H,ω) = rH(H)rω(ω) (6.67)

͜ͷಠཱੑ੍ͷͱͰɼࣗ༝ΤωϧΪʔҎԼͷΑ͏ʹॻ͚·͢ɽ

F (r) =

〈
log

rH(H)rω(ω)

p(D,H|ω)p(ω)

〉

rH(H)rω(ω)

∗6 ࠞ߹Ψεͷฏۉͱڞࢄͷ྆ํΛະύϥϝʔλͱͯ͠ϕΠζֶश͢Δ߹ɼΨε–Ο
γϟʔτ͕ʢજࡏม͕༩͑ΒΕͨͱͰʣ͖݅ڞࣄલʹͳΓ·͢ɽຊઅͷมϕΠ
ζֶशΞϧΰϦζϜಋग़ʹɼ4.4.3 અͷΨε–ΟγϟʔτܕؔͷࢉܭΛԠ༻͢ΕɼҰൠ
ͷࠞ߹ΨεϞσϧͷมϕΠζֶशΞϧΰϦζϜΛಋग़Ͱ͖·͢ɽ
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rH(H) ∝ exp ⟨log p(D,H|ω)⟩rω(ω) (6.69)

rω(ω) ∝ p(ω) exp ⟨log p(D,H|ω)⟩rH(H) (6.70)
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ͷΈʹ͢Δͱɼ

rz({z(n)}Nn=1)
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log
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K∏
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⎛

⎝αk

exp
(
−∥x(n)−µk∥

2

2

)

(2π)M/2

⎞

⎠

z(n)
k 〉

rα,µ(α,{µk}K
k=1)

∝
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K∏
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exp

〈
z(n)k

(
logαk − 1

2
∥x(n) − µk∥2
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rα,µ(α,{µk}K
k=1)

∝
N∏

n=1
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exp

(
z(n)k

(
⟨logαk⟩rα,µ(α,{µk}K

k=1)

− 1

2

〈
∥x(n) − µk∥2

〉

rα,µ(α,{µk}K
k=1)

))

∝
N∏

n=1

(
K∏

k=1

(
z(n)k

)z(n)
k

)
(6.71)

͕ಘΒΕ·͢ɽ͜͜Ͱɼz(n) ∈ RK
++ 

z(n)
k = exp

(
⟨logαk⟩rα,µ(α,{µk}K

k=1)
− 1

2

〈
∥x(n) − µk∥2

〉

rα,µ(α,{µk}K
k=1)

)

(6.72)

Λຬͨ͠·͢ɽ

ࣜ (6.71) ͔Βɼજࡏมͷޙࣄαϯϓϧ͝ͱʹಠཱͳଟ߲Ͱ͋

Δ͜ͱ͕Θ͔Γ·ͨ͠ɽ

Applying variational method gives
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Multinomial
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(n)
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Ͱ༩͑ΒΕ·͢ɽ

Ұํɼࣜ (6.70)ʹϞσϧ (6.66)ͱࣄલ (6.64)͓Αͼ (6.65)Λ

ೖ͠ɼύϥϝʔλ ω = (α, {µk}Kk=1)ґଘੑͷΈʹ͢Δͱɼ
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Dirichlet x Gauss (independent!)
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ඞཁʹԠͯࣜ͡ (6.87)–(6.89)Λ͍ͳ͕Βɼࣜ (6.83)–(6.86) ʹΑͬͯม

ύϥϝʔλΛऩଋ͢Δ·Ͱߋ৽͢ΕɼมϕΠζֶशͷہॴղ͕ٻ·Γ

·͢ɽ ͳ͓ɼࣜ (6.87)ʹؚ·ΕΔ const.ࣜ (6.83)ʹӨڹΛ༩͑·ͤΜɽ

ैͬͯ ɽ͢·͠ࢉܭ͔͖͓ͯ͑ʹ0

we can compute the expectations
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ड़͢ΔมύϥϝʔλҎԼΛຬͨ͠·͢ɽهΛޙࣄ

α̂k = Nk + φ (6.80)

µ̂k =
Nkxk

Nk + σ−2
0

(6.81)

σ̂2
k =

1

Nk + σ−2
0

(6.82)

มϕΠζޙࣄ (6.73)ɼ(6.78)͓Αͼ (6.79) Ͱ͋Δܗຊతͳج͕

͜ͱ͕Θ͔ͬͨͷͰɼද 5.1Λ༻͍ͯࣜ (6.72)ɼ(6.76)͓Αͼ (6.77)ͷӈล

ʹؚ·ΕΔظΛ͠ࢉܭ·͢ɽ
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∥x(n) − µk∥2

〉
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〉
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= ∥x(n) − µ̂k∥2 +M σ̂2
k

͜͜Ͱɼ

Ψ(x) =
∂ logΓ (x)

∂x

σΟΨϯϚؔ (Digamma function)Ͱ͢ɽ

͜ΕΒͷظΛ༻͍ͯɼಘΒΕͨ݁ՌΛ·ͱΊ·͢ɽ

r({z(n)}Nn=1,α, {µk}Kk=1) = rz({z(n)}Nn=1)rα(α)rµ({µk}Kk=1)
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ẑ(n)k (6.88)

xk =
1

Nk

N∑

n=1
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and the update rules:
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͜͜Ͱɼ{ẑ(n)}Nn=1ɼα͓̂Αͼ {µ̂k, σ̂
2
k}Kk=1 มύϥϝʔλͰ͋ΓɼҎԼ

Λຬͨ͠·͢ɽ
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where

Iterative algorithm

Iterate these equations 
until convergence. 
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Properties of Variational Bayes

✤Applicable to many models with conditional 
conjugacy (typically, models built up with well-
known distributions.

✤(Generally) faster than sampling methods, and 
slower than MAP.

✤Provides model selection procedure, and tends to 
give sparse solution.

✤(Sometimes crude) approximation.  Some 
theoretical guarantee was obtained for special 
cases.
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Figure 4: Bayes posteriors with ca = cb = 100 (i.e., almost flat priors). The asterisks are the MAP
solutions, and the dashed lines indicate the ML solutions (the modes of the contour when
ca = cb = c → ∞).
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Figure 5: Bayes posteriors with ca = cb = 2. The dashed lines indicating the ML solutions are
identical to those in Figure 4.

When L = M = H = 1, Eq.(19) yields that the Bayes posterior p(A,B|V ) is given as

p(A,B|V ) ∝ exp
(
− 1

2σ2
(V − BA)2 − A2

2c2
a
− B2

2c2
b

)
. (59)

Figure 4 shows the contour of the above Bayes posterior when V = 0, 1, 2 are observed, where
the noise variance is σ2 = 1 and the hyperparameters are ca = cb = 100 (i.e., almost flat priors).
When V = 0, the surface of the Bayes posterior has a cross-shape profile and its maximum is at
the origin. When V > 0, the surface is divided into the positive orthant (i.e., A,B > 0) and the
negative orthant (i.e., A,B < 0), and the two ‘modes’ get farther as V increases.

17

THEORETICAL ANALYSIS OF BAYESIAN MATRIX FACTORIZATION

0.0
5

0.05

0.05

0.
05

0.05
0.05

0.05

0.1

0.1

0.
1

0.1

0.15

0.15

A

B

VB posterior (V = 0)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

VB estimator : (A, B ) = (0, 0)

0.0
5

0.05

0.05

0.
05

0.05
0.05

0.05

0.1

0.1

0.
1

0.1

0.15

0.15

A

B

VB posterior (V = 1)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

VB estimator : (A, B ) = (0, 0)

0.05

0.0
5

0.05

0.05

0.0
5

0.05

0.1
0.1

0.
1

0.1

0.1

0.1
50.15

0.1
5

0.15

0.2

0.
2

0.2

0.
25

0.25

0.3

A
B

VB posterior (V = 2)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

VB estimator :

(A, B ) ≈ (
√

1.5,
√

1.5)

0.0
5

0.05

0.05

0.
05

0.05

0.05

0.1 0.1

0.
1

0.1

0.1

0.15

0.
15

0.15

0.
15

0.2

0.2

0.2

0.2
5

0.
250.3

A

B

VB posterior (V = 2)

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

VB estimator :

(A, B ) ≈ (−
√

1.5, −
√

1.5)

Figure 6: VB posteriors and VB solutions when L = M = 1 (i.e., the matrices V , U , A, and B
are scalars). When V = 2, VB gives either one of the two solutions shown in the bottom
row.

Figure 6 shows the contour of the VB posterior r(A,B|V ) = rA(A|V )rB(B|V ) when V =
0, 1, 2 are observed, where the noise variance is σ2 = 1 and the hyperparameters are ca = cb = 100
(i.e., almost flat priors). When V = 0, the cross-shaped contour of the Bayes posterior (see Figure 4)
is approximated by a spherical Gaussian function located at the origin. Thus, the VB estimator is
ÛVB = 0, which is equivalent to the MAP solution. When V = 1, two hyperbolic ‘modes’ of
the Bayes posterior are approximated again by a spherical Gaussian function located at the origin.
Thus, the VB estimator is still ÛVB = 0, which is different from the MAP solution.

V = γ̃VB
h ≈

√
Mσ2 = 1 (γ̃VB

h →
√

Mσ2 as ca, cb → ∞) is actually a transition point of the
behavior of the VB estimator. When V is not larger than the threshold

√
Mσ2, the VB method tries

to approximate the two ‘modes’ of the Bayes posterior by the origin-centered Gaussian function.
When V goes beyond the threshold

√
Mσ2, the ‘distance’ between two hyperbolic modes of the

Bayes posterior becomes so large that the VB method chooses to approximate one of the two modes
in the positive and negative orthants. As such, the symmetry is broken spontaneously and the VB
solution is detached from the origin. Note that, as discussed in Section 3, Mσ2 amounts to the
expected contribution of noise E to the squared singular value γ2 (= V 2 in the current setup).
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