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General Information

✤Lectures: Thursdays 14-16  (22.10, 29.10, 5.11, 7.1, 14.1, 21.1)

✤Homework (5.11 - 7.1, 21.1 - 18.2)

✤3ETC, elective course in Machine Learning I 
                                                     (computer science M.Sc.)
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What is 
Bayesian learning?
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Non-Bayesian 
(frequentist) 

approach
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Assumption: y is the sum of a deterministic function of t
and a random noise.

probabilisitic model:
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Assumption: y is the sum of a deterministic function of t
and a random noise.

probabilisitic model:

linear regression model:

model distribution:

For N i.i.d. samples
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Likelihood:

Likelihood principle:  a model giving higher probability is likely to be the true model.

Maximum likelihood (ML) estimator
(least squares curve fitting):
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Likelihood:

x

y = a1x + a0 y = a2x
2 + a1x + a0 y = a7x

7 + a6x
6 + · · · + a0

y

x

y

x

y

But it can overfit...

Likelihood principle:  a model giving higher probability is likely to be the true model.

Maximum likelihood (ML) estimator
(least squares curve fitting):
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Likelihood:

Maximum likelihood (ML) estimator
(least squares curve fitting):

Penalized ML estimator
(ridge regression):

But it can overfit...

Typically, non-Bayesian method minimizes data fidelity + regularizer

Likelihood principle:  a model giving higher probability is likely to be the true model.
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Bayesian approach
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Likelihood:

Also starts from the likelihood function.  Additionally, prior distribution is assumed

Prior:
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Likelihood:

Also starts from the likelihood function.  Additionally, prior distribution is assumed

Prior:

and compute the posterior (derived from Bayes Theorem)

Posterior:

Bayesian learning computes the distribution of parameters!

where
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Posterior:

where

p(D) is constant (w.r.t. unknowns).  →　shape of posterior is easy to know.
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Posterior:

MAP is equivalent to non-Bayesian method with 
appropriate regularizer.

where

Maximum a posteriori (MAP) estimation coincides with non-Bayesian method.

p(D) is constant (w.r.t. unknowns).  →　shape of posterior is easy to know.
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Historically,

✤didn’t like the idea of distribution on the parameter (or model).  For each 
problem, w is unknown but fixed (not a random variable).

✤Bayesian interpret the distribution as a “belief”.  
- prior distribution:  our belief before observation.
- posterior distribution: our belief after observation.

Bayesian:

Non-Bayesian:

Nowadays, most people accept the idea of “belief”,
and know the equivalence between NB and MAP.
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Nowadays

✤try to find a point estimates.

✤try to compute the posterior distribution of unknowns as faithful as 
possible.  Typically perform integral computation.

Bayesian:

Non-Bayesian:

MAP is categorized as non-Bayesian approach.
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Bayesian learning

✤Less prone to overfitting.

✤Information on uncertainty is available.

✤All unknowns (hyperparameters) can be estimated from 
observation through Bayesian model selection. 

Pros:
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Bayesian learning

✤Less prone to overfitting.

✤Information on uncertainty is available.

✤All unknowns (hyperparameters) can be estimated from 
observation through Bayesian model selection. 

✤Integral computation is required.

Cons:

Pros:

Posterior mean

Posterior covariance/predictive

Marginal likelihood



Berlin Big Data Center
Technische Universität Berlin

October 22, 2015

Bayesian learning requires integration

Marginal likelihood:

Posterior mean 
(Bayes estimator):

Predictive distribution:

Posterior covariance:
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Uncertainty assessment
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linear regression model

main : 2015/10/4(23:39)

24 確率モデルの例
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図 3.2 線形回帰モデル．

≡ βα0
0

Γ (α0)
(σ−2)α0−1 exp(−β0σ−2)

aおよび σ−2 の両方をベイズ学習する場合はガウス–ガンマ分布　

p(a,σ−2|µ0,Λ0,α0,β0) = NormGammaM (a,σ−2|µ0,Λ0,α0,β0)

≡ NormM (x|µ, (τΛ)−1)Gamma(τ |α,β)

が共役事前分布になります．
図 3.2に，線形回帰モデルの例を示します．

3.3 自動関連度決定モデル

観測値 y ∈ RLが，未知変数 a ∈ RM に依存して以下のように生成される
モデルを考えます．

y = Xa+ ε (3.8)

ここで，X ∈ RL×M は既知の行列であり，計画行列 (design matrix)と
呼ばれます．
ノイズ ε ∈ RL の各成分が独立にガウス分布に従うと仮定すると，観測
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Predictive distribution gives distribution of y* 
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5.2 予測分布 69
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図 5.1 線形回帰モデルの予測分布．

p(x|θ) = MultinomialK,N (x;θ) ≡ N !
K∏

k=1

θxk
k

xk!
(5.8)

p(θ|φ) ∝ DirichletK(θ;φ) ∝
K∏

k=1

θφk−1
k

事後分布 (4.31)は

p(θ|x,φ) = DirichletK(θ;x+ φ) ∝
K∏

k=1

θxk+φk−1
k (5.9)

で与えられますので，新たな 1サンプル x∗ ∈ HK−1
1 に対する予測分布は，

p(x∗|x,φ) = ⟨p(x∗|θ)⟩p(θ|x,φ)

=

∫
p(x∗|θ)p(θ|x,φ)dθ

=

∫
MultinomialK,1(x

∗;θ)DirichletK(θ;x+ φ)dθ

∝
∫ K∏

k=1

θ
x∗
k

k · θxk+φk−1
k dθ
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Model selection
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Clustering

Mixture models:

Maximum likelihood 
estimation results in

The plausible number of clusters is found.
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Matrix factorization

User 1
User 2
User 3

User L

M
ovie 1

M
ovie 2

M
ovie 3

M
ovie M

…

…

(Probabilistic) PCA Collaborative filtering

The plausible rank (PCA-dimension) is found
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Tensor factorization

Likelihood:

Priors:

Tensor Decompositions and Applications 21

Here, A 2 RI⇥P , B 2 RJ⇥Q, and C 2 RK⇥R are the factor matrices (which are
usually orthogonal) and can be thought of as the principal components in each mode.
The tensor G 2 RP⇥Q⇥R is called the core tensor and its entries show the level of
interaction between the di↵erent components. The last equality uses the shorthand
JG ;A,B,CK introduced in Kolda [134].

Elementwise, the Tucker decomposition in (4.1) is

xijk ⇡

PX

p=1

QX

q=1

RX

r=1

gpqr aip bjq ckr, for i = 1, . . . , I, j = 1, . . . , J, k = 1, . . . ,K.

Here P , Q, and R are the number of components (i.e., columns) in the factor matrices
A, B, and C, respectively. If P,Q, R are smaller than I, J, K, the core tensor G can be
thought of as a compressed version of X. In some cases, the storage for the decomposed
version of the tensor can be significantly smaller than for the original tensor; see Bader
and Kolda [17]. The Tucker decomposition is illustrated in Figure 4.1.

Most fitting algorithms (discussed in §4.2) assume that the factor matrices are
columnwise orthonormal, but it is not required. In fact, CP can be viewed as a special
case of Tucker where the core tensor is superdiagonal and P = Q = R.

A

B

X

G

C

≈

Fig. 4.1: Tucker decomposition of a three-way array

The matricized forms (one per mode) of (4.1) are

X(1) ⇡ AG(1)(C⌦B)T,

X(2) ⇡ BG(2)(C⌦A)T,

X(3) ⇡ CG(3)(B⌦A)T.

These equations follow from the the formulas in §2.4 and §2.6; see [134] for further
details.

Though it was introduced in the context of three modes, the Tucker model can
and has been generalized to N -way tensors [113] as:

X = G⇥1 A(1)
⇥2 A(2)

· · ·⇥N A(N) = JG ;A(1)
,A(2)

, . . . ,A(N)K, (4.2)

or, elementwise, as

xi1i2···iN =
R1X

r1=1

R2X

r2=1

· · ·

RNX

rN=1

gr1r2···rN a

(1)
i1r1

a

(2)
i2r2

· · · a

(N)
iN rN

for in = 1, . . . , In, n = 1, . . . , N.

Preprint of article to appear in SIAM Review (June 10, 2008).                                     

The plausible tensor ranks are found.
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Sparse estimation

# of possible images     <<<<<<

Our world is sparse...
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Magnetic Resonance Imaging (MRI)

[Wikipedia ：核磁気共鳴画像法]
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Compressed sensing

JPEG Compressible

: wavelet transform

Fig. 5. Transform sparsity of MR images. Fully sampled images (left) are mapped by a sparsifying transform to a transform
domain (middle); the several largest coefficients are preserved while all others are set to zero; the transform is inverted forming
a reconstructed image (right).

30

[Lustig et al.2008]

Sparse signal is reconstructed without manual tuning parameter. 

Sparse in wavelet space.

Natural images are
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Sparse estimation

✤      regularization

✤Convex

✤    should be tuned.

✤Bayesian with automatic relevance determination
✤non-convex (local solver, sparser solution)

✤no hand-tuning parameters

�1



Impose different types of sparsity on          and 
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Foreground/Background video separation

Robust PCA

time

pixels

FB/BG separation is made
without manual tuning parameter.



LATENT DIRICHLET ALLOCATION

TheWilliam Randolph Hearst Foundation will give $1.25 million to Lincoln Center, Metropoli-
tan Opera Co., New York Philharmonic and Juilliard School. “Our board felt that we had a
real opportunity to make a mark on the future of the performing arts with these grants an act
every bit as important as our traditional areas of support in health, medical research, education
and the social services,” Hearst Foundation President Randolph A. Hearst said Monday in
announcing the grants. Lincoln Center’s share will be $200,000 for its new building, which
will house young artists and provide new public facilities. The Metropolitan Opera Co. and
New York Philharmonic will receive $400,000 each. The Juilliard School, where music and
the performing arts are taught, will get $250,000. The Hearst Foundation, a leading supporter
of the Lincoln Center Consolidated Corporate Fund, will make its usual annual $100,000
donation, too.

Figure 8: An example article from the AP corpus. Each color codes a different factor from which
the word is putatively generated.

1009
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Latent Dirichlet allocation

Overfitting can be avoided, while p-LSA (ML-estimation) suffers from 
overfitting).

Document parameter:

Topic parameter:

Likelihood:

Prior:

Arts
Budgets
Children
Education
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Goal of the lecture

✤Understand the basic idea of Bayesian learning

✤Get able to compute Bayesian learning for tractable cases

✤Get able to approximate Bayesian learning for intractable cases.

Pros:



Berlin Big Data Center
Technische Universität Berlin

October 22, 2015

Tips for calculation
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Looks complicated?  
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Looks complicated?  Mainly because of normalization factors.  
You can often neglect them!
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Too many distributions? 
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Too many distributions? No only 4 types.
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Too many distributions? Even only 2 pairs!
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Do I have to integrate black part? 
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binomial:

Multinomail:

Isotropic Gauss:

Gamma:

Gauss:

Beta:

Dirichlet:

Bernoulli:

Wishart:

Do I have to integrate black part? Yes, but the value is equal to the inverse 
of the blue part.



Domain of random variable and parameters

NIKON CORPORATION
Core Technology Center

July 25-26, 2012
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42 共役性

表 4.1 確率分布の例．青字の部分が規格化因子を示す. R：実数の集合，R++：正実数の集
合，I++：正整数の集合，SM

++：M × M 正定値対称行列の集合，HK−1
N = {x ∈

{0, . . . , N}K ;
∑K

k=1 xk = N} ：（N サンプル，K カテゴリー）ヒストグラムの集
合，∆K−1 = {θ ∈ [0, 1]K ;

∑K
k=1 θk = 1} ：K − 1 次元標準シンプレックス，| · |：

行列式，B(·, ·)：ベータ関数，Γ (·)：ガンマ関数，ΓM (·)：M 変数ガンマ関数．

確率分布 p(x|w) x ∈ X w ∈ W

等方的ガウス分布
exp

(
− 1

2σ2 ∥x−µ∥2
)

(2πσ2)M/2 x ∈ RM µ ∈ RM ,σ2 > 0

ガウス分布 exp(− 1
2 (x−µ)⊤Σ−1(x−µ))
(2π)M/2|Σ|1/2 x ∈ RM µ ∈ RM ,Σ ∈ SM

++

ガンマ分布 βα

Γ (α)x
α−1 exp(−βx) x > 0 α > 0,β > 0

ウィシャート分布
|X|

ν−M−1
2 exp

(
− tr(V −1X)

2

)

(2ν |V |)M/2ΓM( ν
2 )

X ∈ SM
++ V ∈ SM

++, ν > M − 1

ベルヌイ分布 θx(1− θ)1−x x ∈ {0, 1} θ ∈ [0, 1]

2項分布
(
N
x

)
θx(1− θ)N−x x ∈ {0, . . . , N} θ ∈ [0, 1]

多項分布 N !
∏K

k=1(xk!)
−1θxk

k x ∈ HK−1
N θ ∈ ∆K−1

ベータ分布 1
B(a,b)x

a−1(1− x)b−1 x ∈ [0, 1] a > 0, b > 0

ディリクレ分布 Γ (
∑K

k=1 φk)∏K
k=1 Γ (φk)

∏K
k=1 x

φk−1
k x ∈ ∆K−1 φ ∈ RK

++

むしろ，規格化因子はベイズ学習に必要となる積分計算を手助けしてくれま
す．なぜなら，定義より本体（確率変数に依存する黒字の部分）の積分値は，
規格化定数（青字部分）の逆数だからです．実はベイズ学習において必要と
なる積分計算の殆どは規格化定数を通して行うことができ，実際に煩わしい
解析的な積分計算が必要となることは殆どありません．
なお，表 4.1の確率分布は 2重線の仕切りによって 4つのカテゴリーに分
類されています．各カテゴリーの一番下にある分布は，特別な場合としてそ
の上にある分布を含みます．

4.2 共役性の定義

共役性 (conjugacy) は，確率モデル {p(D|w), p(w)}を構成するモデル
尤度 p(D|w)と事前分布 p(w)との関係について定義されます．
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64 予測分布と経験ベイズ学習

表 5.1 代表的な確率分布の 1 次および 2 次統計量．Mean(x) = ⟨x⟩p(x|w)，Var(x) =

⟨(x−Mean(x))2⟩p(x|w)，Cov(x) = ⟨(x−Mean(x))(x−Mean(x))⊤⟩p(x|w)，
Ψ(z) ≡ d

dz
logΓ (z)：ディガンマ関数，Ψm(z) ≡ dm

dzm
Ψ(z)：m 次ポリガンマ関数．

p(x|w) 1次統計量　 2次統計量
NormM (x;µ,Σ) Mean(x) = µ Cov(x) = Σ
Gamma(x;α,β) Mean(x) = α

β , Var(x) = α
β2 ,

Mean(log x) = Ψ(α)− log β, Var(log x) = Ψ1(α)
WishartM (X;V , ν) Mean(X) = νV Var(Xm,m′) = ν(V 2

m,m′ + Vm,mVm′,m′)

MultinomialK,N (x;θ) Mean(x) = Nθ (Cov(x))k,k′ =

{
Nθk(1− θk) (k = k′)

−Nθkθk′ (k ̸= k′)

DirichletK(x;φ) Mean(x) = 1∑K
k=1 φk

φ (Cov(x))k,k′ =

{
φk(τ−φk)
τ2(τ+1)

(k = k′)

− φkφk′
τ2(τ+1)

(k ̸= k′)

Mean(log xk) = Ψ(φk)− Ψ(
∑K

k′=1 φk′) ただし τ =
∑K

k=1 φk

率分布の形をしています．従って，事後平均や事後分散を求めるためには，
これらの良く知られる分布の平均と共分散を計算すれば良いだけです．
表 5.1に，代表的な確率分布の 1次および 2次統計量をまとめました．例
えば，線形回帰モデルで回帰パラメータ aのみをベイズ学習する場合の事後
分布 (4.26)はガウス分布

p(a|D,a0,Σ0) = NormM

(
a; â, Σ̂a

)

ただし â =

(
X⊤X

σ2
+Σ−1

0

)−1(
X⊤y

σ2
+Σ−1

0 a0

)

Σ̂a =

(
X⊤X

σ2
+Σ−1

0

)−1

ですが，事後平均および事後共分散はそれぞれ

⟨a⟩p(a|D,a0,Σ0)
= â

〈
(a− ⟨a⟩)(a− ⟨a⟩)⊤

〉
p(a|D,a0,Σ0)

= Σ̂a

で与えられます．
また，等方的ガウス分布モデルで分散のみをベイズ学習すると，事後分布

(4.14)はガンマ分布

1st order moment 2nd order moment

main : 2015/10/4(23:39)

4.2 共役性の定義 43

定義 4.1（共役事前分布）

事前分布 p(w)と事後分布 p(w|D)とが同じ分布形になるような事
前分布を，モデル尤度 p(D|w)に対する共役事前分布 (conjugate

prior) と呼ぶ．

事後分布 (2.2)の関数形について考えてみましょう．

p(w|D) =
p(D|w)p(w)

p(D)
∝ p(D|w)p(w) (4.1)

ここで重要なことは，共役性について考えるとき，常にパラメータwに関す
る関数形に注目するということです．特に，p(D|w)を観測データDの関数
（すなわちモデル分布）としてではなく，パラメータwの関数（すなわちモ
デル尤度）として見ることが重要です．
このことを意識しながら，具体的な確率モデルのモデル尤度の関数形につ
いて考えてみましょう．すでに 3章で用いましたが，以下にガウス分布，ガ
ンマ分布，ウィシャート分布，多項分布，およびディリクレ分布に対する略
記をまとめておきます．

NormM (x;µ,Σ) ≡
exp

(
− 1

2 (x− µ)⊤ Σ−1 (x− µ)
)

(2π)M/2|Σ|1/2
(4.2)

Gamma(x;α,β) ≡ βα

Γ (α)
xα−1 exp(−βx) (4.3)

WishartM (X;V , ν) ≡
|X| ν−M−1

2 exp
(
− tr(V −1X)

2

)

(2ν |V |)M/2ΓM

(
ν
2

) (4.4)

MultinomialK,N (x;θ) ≡ N !
K∏

k=1

(xk!)
−1θxk

k (4.5)

DirichletK(x;φ) ≡
Γ (
∑K

k=1 φk)∏K
k=1 Γ (φk)

K∏

k=1

x
φk−1

k (4.6)
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