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– supplements and extensions
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Recall: Conditional MRF

P (y|x) =
1

Z(x)

T∏
i=1

ψobs(Xi, Yi)
T∏

i=2

ψtrans(Yi−1, Yi)

∝ 〈w,Φ(x,y)〉
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Recall: Generalized Linear Models

• x = Bob jagt den Hund

• We want

[N,V,A,N ] = argmax
ȳ
〈w,Φ(x, ȳ)〉

• Equivalent representation:

〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [A,A,A,A])〉
〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [A,A,A,N ])〉
〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [A,A,N,A])〉

... >
...

〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [V, V, V, V ])〉
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Recall: Primal/Dual Perceptron

• Primal perceptron:
– Decision function: f(x,y) = 〈w,Φ(x,y)〉
– Update rule: w← w + Φ(xi,yi)− Φ(xi, ŷ)

• Dual perceptron:
– Use relation: w =

∑n
i=1

∑
ȳ 6=yi

αi(ȳ) (Φ(xi,yi)〉 − Φ(xi, ȳ))
– Decision function:

f(x′,y′) =

nX
i=1

X
ȳ 6=yi

αi(ȳ)
`〈Φ(xi,yi),Φ(x′,y′)〉 − 〈Φ(xi, ȳ),Φ(x′,y′)〉´

– Update rule: αi(ŷ)← αi(ŷ) + 1
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Primal/Dual Algorithm

1 loop r = 1, . . . , rmax

2 loop i = 1, . . . , n

3 Compute prediction ŷ

4 If yi 6= ŷ

5 Update w (primal) or αi(ŷ) (dual)

6 End (if)

7 End loop (i)

8 End loop (r)
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How to Compute the Prediction in Step 3?

• What is the relation between...
– Viterbi algorithm
– max-product algorithm
– max-sum algorithm
– scoring function f(x,y)
– ???

• How can we compute argmaxȳ f(x, ȳ)?

• Answer: use log-Viterbi = max-sum algorithm!
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Recall: Homework

• Dual perceptron:

• Decompose f(x,y) = f1(x,y) + f2(x,y) with

f1(x,y) =
∑
σ,τ

a(σ, τ)
∑

s

[[ys−1 = σ ∧ ys = τ ]]

a(σ, τ) =
∑

i,ȳ 6=yi

αi(ȳ)
∑

t

[[ȳt−1 = σ ∧ ȳt = τ ]]

• and

f2(x,y) =
∑
s,σ

[[ys = σ]]
∑
i,t

b(i, t, σ)Kx(xs, xt
i),

b(i, t, σ) =
∑
y 6=yi

[[yt = σ]]αi(y)
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Recall: Viterbi Algorithm

• Computes: argmaxy1,...,yT
P (y1, . . . , yT |x1, . . . , xT )

• Viterbi = max-product algorithm
– define δt+1(σ) = maxy1,...,yt P (y1, . . . , yt+1 = σ, x1, . . . , xt+1)

– best score along a single path that ends in state σ at time t+ 1

• log-Viterbi = max-sum algorithm
– define δt+1(σ) = maxy1,...,yt logP (y1, . . . , yt+1 = σ, x1, . . . , xt+1)

– apply δt+1(σi) recursively
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Log-Viterbi Algorithm

• initialize δ1(σ) = logP (y1 = σ) + logP (x1|y1 = σ)

• initialize ψ1(σ) = 0

• loop σ ∈ Σ and t = 2, . . . , T :
– δt(σ) =

ˆ
max

τ
δt−1(τ) + logP (yt = σ|yt−1 = τ)

˜
+ logP (xt|yt = σ)

– ψt(σ) =
ˆ
argmax

τ
δt−1(τ) + logP (yt = σ|yt−1 = τ)

˜
+ logP (xt|yt = σ)

• termination: y∗T = argmaxσ δT (σ)

• loop t = T, . . . , 2
– y∗t−1 = ψt(y∗t )
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Scoring Function f(x,y)

• Capture logP (y1 = σ) implictely by adding constant label y0.

• Observation probabilities:

logP (xt|yt = σ) ∝
∑

j

Tj∑
s=1

∑
ȳ 6=yi

[[yt = σ]]αi(ȳ)k(xt, xj,s)︸ ︷︷ ︸
b(σ,xt)

• Transition probabilities:

logP (yt = τ |yt−1 = σ) ∝
∑

i,ȳ 6=yi

αi(ȳ)
∑

t

[[ȳt−1 = σ ∧ ȳt = τ ]]︸ ︷︷ ︸
a(σ,τ)
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It holds...

Theorem

Given n input-output pairs of sequences of length Ti for 1 ≤ i ≤ n, let Σ
denote the output alphabet with |Σ| <∞. Let f be defined as

f(x,y) =
n∑

i=1

∑
i

αi(ȳ) (〈Φ(xi,yi),Φ(x,y)〉 − 〈Φ(xi, ȳ),Φ(x,y)〉) ,

where Φ(x,y) denotes the joint feature map. Then for all αi(ȳ) ≥ 0 and

any observation sequence x of length T ,

ŷ = argmax
ȳ∈ΣT

f(x, ȳ)

can be computed with a Viterbi algorithm in time O(T |Σ|2).
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Proof:
• The model f has the form

f(x,y) =

nX
i=1

X
i

αi(ȳ) (〈Φ(xi,yi),Φ(x,y)〉 − 〈Φ(xi, ȳ),Φ(x,y)〉)

=

nX
i=1

X
i

αi(ȳ)

 X
s,t

([[yi,s = yt]]− [[ȳs = yt]]) k(xi,s, xt)

+
X
s,t

[[yi,s−1 = yt−1 ∧ yi,s = yt]]− [[ȳs−1 = yt−1 ∧ ȳs = yt]]

!
.

• Make the dependency on labels σ, τ ∈ Σ explicit by summing
over all transitions and observation states

f(x,y) =
X

σ,τ∈Σ

X
i,ȳ 6=yi

αi(ȳ)
“X

s,t

([[yi,s = σ]]− [[ȳs = σ]]) [[yt = τ ]]k(xi,s, xt)

+
X
s,t

“
[[yi,s−1 = σ ∧ yi,s = τ ]]− [[ȳs−1 = σ ∧ ȳs = τ ]]

”
× [[yt−1 = σ ∧ yt = τ ]]

”
.
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Proof Contd.
The transition scores from label σ to label τ are now given by

a(σ, τ) =

nX
i=1

X
i

αi(ȳ)
“ TiX

t=1

[[yi,t−1 = σ ∧ yi,t = τ ]]− [[ȳt−1 = σ ∧ ȳt = τ ]]
”

and observation scores for label ys = σ and observation xs by

b(σ, x) =

nX
i=1

TiX
t=1

X
i

αi(ȳ) ([[yi,t = σ]]− [[ȳt = σ]]) k(xi,t, x).
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...
The hypothesis f(x,y) can be rewritten in terms of transition
scores a(σ, τ) and observation scores b(σ, x)

f(x,y) =
X

σ,τ∈Σ

a(σ, τ)

TX
s=1

[[ys−1 = σ ∧ ys = τ ]]

| {z }
=:fa(x,y)

+
TX

s=1

X
σ∈Σ

[[ys = σ]]b(σ, xs)| {z }
=:fb(x,y)

.

where fa weights the occurences of neighboring labels in y by
corresponding scores of the model and fb determines how well
observations xs fit to their labels ys given the model. To decode
the top scoring sequence we define

δt(σ) = max
y1,...,yt−1

f(x, y1, . . . , yt−1, yt = σ), (1)

that is, δt(σ) denotes the top scoring partial sequence up to
position t− 1 where yt = σ.

14/??

Mathematical Induction: The Base Case
We first show by induction that

δt+1(σ) = max
τ∈Σ

[δt(τ) + a(τ, σ)] + b(σ, xt+1) (2)

holds. The initialization is simply given by

δ0(σ) = 0, ∀σ ∈ Σ

δ1(σ) = max
τ∈Σ

[δt(τ) + a(τ, σ)] + b(σ, xt+1)

= a(ε, σ) + b(σ, x1).
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The Inductive Step
The recursion step is given for 2 ≤ t ≤ T by

δt(σ) = max
y1,...,yt−1

f(x, y1, . . . , yt−1, yt = σ)

= max
y1,...,yt−1

X
τ,τ̄∈Y

a(τ, τ̄)

t−1X
s=2

[[ys−1 = τ ∧ ys = τ̄ ]]

+
X
τ∈Σ

a(τ, σ)[[yt−1 = τ ∧ yt = σ]]

+

t−1X
s=1

X
τ∈Σ

[[ys = τ ]]b(τ, xs) + [[yt = σ]]b(σ, xt)

= max
σ?

max
y1,...,yt−2

X
τ,τ̄∈Y

a(τ, τ̄)

t−2X
s=2

[[ys−1 = τ ∧ ys = τ̄ ]]

+
X
τ∈Σ

a(τ, σ?)[[yt−2 = τ ∧ yt−1 = σ?]]

+ a(σ?, σ)[[yt−1 = σ? ∧ yt = σ]]

+

t−2X
s=1

X
τ∈Σ

[[ys = τ ]]b(τ, xs) + b(σ?, xt−1) + b(σ, xt)
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The Inductive Step Contd.

= max
σ?

»
max

y1,...,yt−2
f(x, y1, . . . , yt−2, yt−1 = σ?) + a(σ?, σ)

–
+ b(σ, xt)

= max
σ?

[δt−1(σ
?) + a(σ?, σ)] + b(σ, xt).

Thus, the top scoring sequence has the score

max f(x,y) = max
σ∈Σ

δT (σ).

We only sketch the extension to the argument of the maximum
since it is analoguous to the regular Viterbi algorithm. We
introduce path variables ϕt(σ) that are initialized by ϕ1(σ) = ε for
all σ ∈ Σ.
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Computing the Argmax
The sequence ϕt(σ) is then defined recursively for 2 ≤ t ≤ T by

ϕt(σ) = argmax
σ?∈Σ

[δt−1(σ?) + a(σ?, σ)] .

Once the δt(σ) of Theorem 1 are fixed, the optimal label
sequence can be found by backtracking

y?
T = argmax

σ∈Σ
δT (σ)

y?
t = ϕt+1(y?

t+1) for t = T − 1, . . . , 1.
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Conclusion
Given the transition matrix [A]σ,τ = a(σ, τ) and the observation
matrix [Bx]σ,t = b(σ, xt) for input x, the computation of δ and ϕ
for a fixed t and σ ∈ Σ involves visiting |Σ| predecessors; thus,
for a sequence of length T the time needed is in O(T |Σ|2). This
concludes the proof.
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Visualization

Figure: Visualization of a trellis over the alphabet Σ = {σ1, . . . , σk}.
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Summary

• Equivalence: Dual perceptron f(x,y) and Viterbi algorithm
– similar proof for primal perceptron

• pos:
– easy to implement
– efficient training process

• neg:
– depends on ordering
– no confidences
– only 0/1 loss

21/??

From Perceptrons to SVMs

• Add confidence to decision

• Incorporate arbitrary (structured) loss functions

• Impact of ordering resolved by quadratic programming

22/??

Confidence Term
• Perceptron:

〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [A,A,A,A])〉
〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [A,A,A,N ])〉
〈w,Φ(x, [N,V,A,N ])〉 > 〈w,Φ(x, [A,A,N,A])〉

... >
...

• Now, add a confidence γ̄:

〈w,Φ(x, [N,V,A,N ])〉 − 〈w,Φ(x, [A,A,A,A])〉 ≥ γ̄
〈w,Φ(x, [N,V,A,N ])〉 − 〈w,Φ(x, [A,A,A,N ])〉 ≥ γ̄
〈w,Φ(x, [N,V,A,N ])〉 − 〈w,Φ(x, [A,A,N,A])〉 ≥ γ̄

...
...

23/??

Optimization Problem

max
γ̄,w

γ̄

||w||
s.t. ∀n

i=1,∀ȳ 6=yi
: 〈w,Φ(xi,yi)〉 − 〈w,Φ(xi, ȳ)〉 ≥ γ̄

• We call
– w the weight vector
– γ̄ the functional margin
– γ = γ̄

||w|| the geometrical margin

• Problem: γ̄ and w interdepend!
– Remedy: fix one, solve for the other
– Common approach: γ̄ = 1.
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Structural Hard-margin SVM

min
w

1
2
||w||2

s.t. ∀n
i=1,∀ȳ 6=yi

: 〈w,Φ(xi,yi)〉 − 〈w,Φ(xi, ȳ)〉 ≥ 1

• Converges only when data is linear separable

• Remedy: allow for pointwise relaxations of the margin constraint
– introduce slack variables ξi for input examples

25/??

Structural Soft-margin SVM

min
w

1
2
||w||2 +

n∑
i=1

ξi

s.t. ∀n
i=1,∀ȳ 6=yi

: 〈w,Φ(xi,yi)〉 − 〈w,Φ(xi, ȳ)〉 ≥ 1− ξi
∀n

i=1 : ξi ≥ 0

• Sum of slacks upper bounds 0/1 loss

• Now: maximize margin between true yi and best runner-up ȳ

• Alternative formulation:
– slack ξiȳ are bound to constraint 〈w,Φ(xi,yi)〉 − 〈w,Φ(xi, ȳ)〉
– computationally demanding

26/??

Hinge-loss

• SVM implicitely implements a hinge loss (solve for slacks)

• Hinge loss can be rescaled to incorporate arbitrary loss functions
– Let ∆(yi, ŷ) denote a structural loss.
– ∆ : Y× Y→ <+

0 .
– ∆(yi,yi) = 0

27/??

Examplary Loss Functions

• 0/1 loss: ∆(y, ȳ) = [[y == ȳ]]

• Hamming loss for sequences

∆(y, ȳ) = T −
T∑

t=1

[[yt == ȳt]]

– Property: decomposes across the cliques!
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Margin-rescaling

• Taskar et al. (2004)
• Rescale the (functional) margin by actual loss

min
w

1

2
||w||2 +

nX
i=1

ξi

s.t. ∀n
i=1, ∀ȳ 6=yi : 〈w,Φ(xi,yi)〉 − 〈w,Φ(xi, ȳ)〉 ≥ ∆(yi, ȳ)− ξi

∀n
i=1 : ξi ≥ 0

– Implicit hinge loss upper bounds ∆
– Most strongly violated constraint:

argmax
ȳ

(
∆(yi, ȳ)− (〈w,Φ(xi,yi)− Φ(xi, ȳ)〉))
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Slack-rescaling

• Tsochantaridis et al. (2005)
• Rescale slack variables by actual loss

min
w

1

2
||w||2 +

nX
i=1

ξi

s.t. ∀n
i=1, ∀ȳ 6=yi : 〈w,Φ(xi,yi)〉 − 〈w,Φ(xi, ȳ)〉 ≥ 1− ξi

∆(yi, ȳ)

∀n
i=1 : ξi ≥ 0

– Implicit hinge loss upper bounds ∆
– Most strongly violated constraint:

argmax
ȳ

(
1−∆(yi, ȳ)× (〈w,Φ(xi,yi)− Φ(xi, ȳ)〉))
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Implications

• Loss ∆ decomposes across the cliques of the graph
– Margin-rescaling is easily integrated into inference
– Slack-rescaling difficult

• Loss not decomposable
– Both difficult!

• In practice, slack-rescaling often better than margin-rescaling
– rarely applicable (needs good approximation or enumerable
sets)
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